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1
(Stable Marriage problem;SM) , Gale Shapley [1]
. SM , . ,
, . ,
, blocking pair (BP) . , BP . SM
, . [1] ,
, .
, GaJe-Shapley algorithm .
Gale Shapley [1] , SM . , (Hospi-
tals/Residents problem; HR) . HR , , , ,
, . , ,
. , ,
. $M$
, $r$ $h$ (1) , (2) $h$
$h$ , , $h$ $r$ . (3) $r$
, , $r$ $h$ ,
, $(r, h)$ $M$ BP . SM , HR
, Gale-Shapley algorithm ,
.
, , , ,
HR (Hospitals/Residents problem with Minimum
Quota;HRMQ) . HRMQ , ,
. , .
. HRMQ ,
. , , . ,
BP , BP HRMQ . BP HRMQ
. ( ) , (Master List; ML)
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. BP IML-HRMQ , BP HRMQ $arrow$
. BP $2ML$-HRMQ , BP HRMQ ,
. $R$ , $H$ , (1) $P=$NP ,
, $\epsilon>0$ BP IML-HRMQ $(|R|+|H|)^{1-\epsilon}$
, (2) BP HRMQ $(|R|+|H|)$ , (3) BP $2ML$-HRMQ
.
HRMQ $M$ , $r$ $M$ BP , $r$ $M$ blocking resident
. blocking resident HRMQ(BR HRMQ) , HRMQ ,
blocking resident . $R$ , (1) BR
lML-HRMQ NP , (2) BR HRMQ $\sqrt R|$ , (3) (2)
$\sqrt R|$ .
2
HRMQ , $R$ , $H$ , , ,
. $h$ $p$ , $q$ , $|p,$ $q|$ , $h \int p,$ $q]$
. , $R$ $H$ , $h|p,$ $q]$ $p$ $q$
. $M$ $r$ $M(r)$ ,
$M(h)$ . $M$ $h|p,$ $q]$ $|$M( ) $|$ $=q$ , $M$ full
. $|M(h)|<q$ , $h$ $M$ under-subscribed . $h$ $M$ under-subscribed
$|M(h)|=p$ , $h$ $M$ critical . $p<|M(h)|<q$ , $h$ $M$ intermediate
. BP , HR BP .
HRMQ $I$ , $F(I)=|R|- \sum_{h[p,q]\in H}p$ $I$ . $I$ $M$
$h$ $p,$ $q]$ $x$ , $\max\{p-x, 0\}$ $M$ $h$
, , $M$ $M$ . , $I$
HR 1 $M$ , $M$ $I$ , $D(I)$
. , HR ,
[2]. , $D(I)$ , $I$
.




, BP IML$arrow$HRMQ . BP IML-HRMQ $I$ ,
. , , .
(i) , (ii) 1. (iii) $F(I)=0$, $I$
$C$ . NP Minimum Vertex Cover ,
( ).
31 $\epsilon>0$ , $P=NP$ , $C$ $BP$ IML-HRMQ
$(|H|+|R|)^{1-\epsilon}$ . , $R$ , $H$ .
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3.2 BP HRMQ $(|H|+|R|)$
, 31 BP IML-HRMQ , .
32 $BP$ HRMQ $(|H|+|R|)$ .
(Algorithml) , $|H|+|R|$ ( ).
$\overline{Algorithml}$.





$2ML$ . , [4]. BP
$2ML$-HRMQ $P$ , , .
4 1, 2, 3, 4 , 4 $a[0,2],$ $b[1,2],$ $c[1,1],$ $d[1,1]$ $I$ . ,
,
1: a $b$ $c$ $d$
$2$ : a $b$ $c$ $d$
$3$ : a $b$ $c$ $d$
$4$ : a $b$ $c$ $d$
.
$a[0^{\cdot},$ $2]$ : 1 2 3 4
$b[1,2]$ : 1 2 3 4
$c[1,1]$ : 1 2 3 4
$d[1,1]$ : 1 2 3 4
, $b,$ $c,$ $d$ 1 . , $c$ $d$ full
, 1 $a$ $b$ . $a$ , $a$
. , $a$ 1 , $b$ 1 , $c$ 1 , $d$ 1 ,
, $\{(1, a), (2, b), (3, c), (4, d)\}$ .
, 5 BP $($ 2, $a),$ $(3, a),$ $(4,a),$ $(3, b),$ $(4, b)$ . , $\{(1, b), (2, b), (3, c), (4, d)\}$
, 4 BP $($ 1, $a),$ $(2,a),$ $(3,a),$ $(4, a)$ . , ,
, $a$ , $a$
.
33 $BP$ $2ML$-HRMQ $O(|H||R|)$ .
$R=\{r_{0}:1\leq i\leq|R|\}$ , $H=\{\text{ _{}i}:1\leq i\leq|H|\}$ ,
( ) , , . $i<i$ , $h_{i}$ $h_{j}$
, $h_{j}$ $h_{i}$ , . .
. $h_{i} \int p_{i},q_{i}$ ] , $h_{i}$ $x_{i}$ , $p_{i}\leq$
$x_{i}\leq q_{i},$ $\Sigma_{i=1}^{|H|}x_{i}=|R|$ . , .
, BP . , full under-subscribed
, $|p_{i},$ $q_{i}]$ .
, (GREEDY ) . GREEDY . $r_{1}$
$r_{|R|}$ , , .
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3.4 GREEDY $BP$ .
, fu , .
$h_{i}$ , $a_{i}$ $h_{i}$ . $a_{i}$
. $h_{i}$ under-subscribed, , $x_{i}<q_{i}$ , $h_{i}$ BP $a_{i}$ . $h_{i}$ full ,
$h_{i}$ BP , . , GREEDY , $h_{i}$
BP .
34 , . ,
. , $1\leq i\leq|H|,$ $0\leq j\leq|R|$ $i,$ $i$ , $i$ $i$
. $b[i]b]$ , , BP
( $b[i]b]=\infty$ ). , $b[|H|][|R|]$
. $b[i]U|$ , Algorithm2 ( ). $i$ $h_{-i}$
. , $h_{-i}=h_{|H|-i+1}$ . , -i $P-i,$ $q-\iota$ .
$\frac{A1gorithm2}{1:b[i]U]arrow\infty(0\leq i\leq|H|,0\leq j\leq|R|)}$
2: $b[0][0]arrow 0$
3: for $i=1$ to $|H|$ do
4: for $j=0$ to $|R|$ do
5: for $k=p_{-i}$ to $\min(q_{-i}-1,j)$ do
6: $b[i] \beta]arrow\min(b[i]Le\cdot], b[i-1]ie -k]+(j-k))$
7: end for
8: $b[i] U]arrow\min(b[i][j], b[i-1|in -q_{-i}])$ if $j\geq q_{-i}$
9: end for
10: end for
Algorithm2 , $O(|H||R|^{2})$ . , $O(|H||R|)$
.
3.5 $BP$ {b $2ML$-HRMQ , 1 intemediate . , intermediate
$h_{i}$ , $h_{i}$ $ll$ , $h_{i}$ $fi\iota ll$ critical
.
under-subscribed $h_{i}$ intermediate $h_{j}$ . 1 $h_{j}$
, BP 1 .
$1\leq i\leq|H|,$ $0\leq j\leq|R|$ $i,$ $i$ , full critical $j$
$i$ . $b[i|b|$ , $i$ . $i$ BP
. $b[i]U]=\infty$ . $b[i]b]$ , $O(|H||R|)$ .
$b[i]b]=\{\begin{array}{ll}0 (i=0,j=0)\infty (i=0,j\neq 0)\min(b[i-1]U-q-i], b[i-1]b-p_{-i}]+j-p_{-:}) (1 \leq i\leq|H|, 0\leq j\leq|R|)\end{array}$
1 intermediate . , intermediate $|H|+1$
. intermediate $h_{*}$ , $h_{*}$ $s$ $|R|$
76
. , intermediate , , $o(|H||R|)$
. 35 , $h_{*}$ full , 34
, BP . $s_{1}$ , ,
. $s$ h , 34 , h BP $|R|-s_{1}-s$
. , $|R|-s_{1}-s$ h . 35 . full
critical . , $b[i]b1$ .
, $h_{*}$ $s$ , , $o(|H||R|)$
. $O(|H||R|)$ .
4 BR HRMQ
4.1 BR IML-HRMQ NP
NP CLIQUE , ( ).
41 $BR$ lML-HRMQ $NP$ .
4.2 0-1 BR HRMQ
, BR HRMQ , 1 . $[0,1]$
[1, 1] BR HRMQ , 0-1 BR HRMQ . (
).
4.2 0-1 $BR$ HRMQ $\alpha$ , $BR$ HRMQ
$\alpha$ .
4.3 BR HRMQ $\sqrt{|R|}$
HR , $H$ , $A,$ $B\subseteq H$ , $B$ $\infty$
. , $A$ $g(A, B)$ . HR
, [2], $g(A, B)$
. $A$ $B$ 1 , , $g(\{a\}, B)$
$g(a, B)$ .
Algorithm$\overline{3}$$1$ : resident-oriented Gale Shapley algorithm , $M_{0}$ .
2: $M0$ $z$ .
3: $H_{0,1}’=\{h:M_{0}(h)\neq\emptyset, h$ $[0,1]\}$ .
4: $h\in H_{0,1}’$ , $g(h, h)$ .
5: $h\in H_{0,1}’$ $g(h, h)$ $z$ $S_{a}$ , $S_{a}$ $[0, \infty]$ , resident-
oriented GaleShapley algorithm .
$6;$
.
$S_{a}$ , [1, 1] .
0-1 BR HRMQ (Algorithm3) .
, $|H_{0,1}’|\geq z$ , 5 $S_{a}$ .
, 5 , $[0,1]$ $|H_{0,1}’|-|S_{a}|$ . $H_{1,1}$
[1, 1] , $|H_{0,1}’|+|H_{1,1}|=|R|+z$ , [1, 1] $[0, \infty]$
77
$|R|-(|H_{0,\iota}’|-|S_{a}|)=|R|-(|R|+z-|H_{1,1}|-z)=|H_{1.1}|$ . , 6
$S_{a}$ $[$ 1, 1 $]$ ,
.
, HR . resident-oriented Gale-Shapley algorithm ,
. , HR ,
[2]. , .
43 $HR$ $H$ . $S\subseteq H$ , . $($i$)$
$\sum_{h\in S}g(h, S)=g(S, S)$ , ( $h\in S$ $g(h, S)\leq g(h, h)$ , (iii) $h\in S$ $g(h,$ $)$ $\leq g(S, S)$ .
$($ i $)$ . , .
44 $I_{0}$ $HR$ , $I_{0}$ , $H,$ $R$ . , $h\in H$ , $I_{1}$
$I_{0}$ $h$ 1 $HR$ . $I_{0},$ $I_{1}$ $M_{0},$ $M_{1}$ ,
o$)$ . (1) $|Af_{0}(h)|\leq|AI_{1}(h)|$ , (2) $\forall h’\in H\backslash \{h\}$ . $|M_{0}(h’)|\geq|M_{1}(h’)|$ .
$I_{1}$ $r$ , HR $I_{2}$ . $I_{2}$ $r$ $h$ , $x\in H$ $r$
. $I_{2}$ $M_{2}$ , $M_{2}(r)=h$ . $I_{2}$ resident-oriented
Gale$arrow Shapley$ algorithm , $r$ . $r$ $h$
. $I_{2}$ $r$ , $h$ 1 $I_{0}$ , $I_{0}$
resident-oriented Gale-Shapley algorithm . $|M_{2}(h)|=|M_{0}(h)|+1$ ,
$|\Lambda I_{2}(h’)|=|M_{0}(h’)|(h’\neq h)$ . $I_{2}$ resident-oriented Gale-Shapley algorithm , $r$
$r$ , $r$
, $I_{1}$ . resident-oriented Gale-Shapley algorithm
, $|Af_{1}(x)|\leq|M_{2}(x)|(x\in H)$ . ,
$|A’l_{1}|+1=|M_{2}|$ , $|M_{2}(x)|\leq|M_{1}(x)|+1(x\in H)$ . , $|M_{0}(h)|+1=|M_{2}(h)|\leq|M_{1}(h)|+1$ ,
$|A\prime I_{0}(h’)|=|M_{2}(h’)|\geq|M_{1}(h’)|$ .
44 (2) , (ii) . $(H\backslash S)\cap S=\emptyset$ , $S\backslash \{h\}$
, 44 (2) , $g(H\backslash S, S)\leq g(H\backslash S, h)$ . , $g(H\backslash S, S)=|R|-g(S, S)$ ,
$g(H\backslash S, h)=|R|-g(S, h)$ , $g(S, h)\leq g(S, S)$ . $g(h, h)\leq g(S, h)$ , (iii) .
45 Algorithm 3 0-1 $BR$ HRMQ $\sqrt{}$ $|$ .
$I’$ 0-1 BR HRMQ , $I’$ Algorithm3 blocking resident
f .
resident-oriented Gale-Shapley algorithm , Algorithm3
.
Algorithm3 0-1 BR HRMQ . , Algorithm3
Step 5 $H_{0,1}’$ $z$ , blocking resident $f_{0}$ 0-1 BR HRMQ
.
4.6 $I’$ 0-1 $BR$ HRMQ , $H$ $I’$ , $z(=D(I’))$ $I’$ , $f_{0}$ $I’$
blocking oesident . , S :(1) $S$ $\subseteq H_{0,1}’,$ $(2)$
$|S$ $|=z,$ $(S)g(S_{o}, S_{o})=f_{0}$ . , $H_{0,1}’$ $I’$
$[0,1]$ .
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HRMQ , $(r, h)$ BP , BP $(r, h’)$ $r$ $h’$ $h$
, $h$ $r$ .
$I’$ $M_{0}$ , $I’$ $\Lambda f_{1}$ .
1: $\Lambda t0$ . $R_{n}$ : $=$ non-blocking resident . $R_{b}$ : $=$ blocking resident .
2: while $r\in R_{b}$ do
3: $h:=r$ . $r$ free .
4: while $X:=\{x:x\in R_{n}\wedge(x, h)$ $BP \}$ do
5: $r’:=X$ $h$ .
6 $r’$ $h$ .
7: $h:=r’$ .
$s$ : end while
9: end while
10: $M_{1}$ .
. , Step 4 Step8 , 1
, . $M_{1}$
: (a) $f_{0}$ ;(b)
, non-blocking resident . Step 3 $|R_{b}|$ , , $|R_{b}|=f_{0}$
, (a) . Step 1 , $R_{n}$ non-blocking resident , $R_{n}$
BP Step3 Step6 . BP $h$
, Step 6 . , (b) .
, $I’$ $M_{2}$ .
1: $M_{1}$ .
2;while unassigned $r$ $h$ full do
3: $r’:=h$ , $h$ $r’$ $r$ .
4: r’ free .
5: $r$ $h$ .
6: end while
7: $\Lambda f_{2}$ .
. , Step 2 Step6 . 1
, , . $M_{1}$ (a), (b) $AI_{2}$
. $H_{0,1}’$ , $M_{2}$
S . $M_{2}$ : (c) [1, 1] ,
, $f_{0}$ . (d) , S
.
[1, 1] , $M_{0}$
, $M_{0}$ . $M_{0}$ , [1, 1] full . $M_{0}$
, $M_{2}$ , . , (b)
, $\Lambda,I_{2}$ [1, 1] . , (c) .
, $\Lambda l_{2}$ ,
. [1, 1] , $Af_{0}$ , M .
$[0,1]$ $H_{0,1}’$ , ,
. $H_{0,1}’$ , ,
79
,
$[$2 $]$ . , (d) .
(1) S , (3) (a),(b),(d) , . $[$ 1, 1] $H_{1,1}$ ,
$H’,$ $M_{0}$ $H”$ ,
$H_{1,1}\subseteq H’’$ , (a),(b),(C) $H”\subseteq(H’\cup H_{1,1})$ . $S$ $=H’\backslash H’’=(H’\cup H_{1,1})\backslash H’’$
, $|H’\cup H_{1,1}|=|R|+z$ $|S$ $|=|H’\cup H_{1,1}|-|H’’|=|R|+z-|R|=z$ , (2)
.
, , BR HRMQ blocking resident ( ).
47 $I$ $BR$ HRMQ . $I$ $z(=D(I))$ , blockingr sident
f , $z\leq f_{0}$ .
S , 46 . $S_{\text{ }},$ $S_{a}\subseteq H_{0,1}’,$ $|S$ $|=|S_{a}|=z$ , Algorithm 3
5 , $\sum_{h\in S_{a}}g(h,$ $) \leq\sum_{h\in S}$ $g(h\rangle h)$ . 43, 47 ,
$f_{a} \leq g(S_{a}, S_{a})=\sum_{h\in S_{a}}g(h, S_{a})\leq\sum_{h\in S_{a}}g(h, h)\leq\sum_{h\in S_{0}}g(h, h)\leq\sum_{h\in S_{0}}g(S_{o}, S_{o})=|S$ $|g(S_{o}, S_{o})=zf$ $\leq(f_{0})^{2}$ .
, $0\leq f_{a}$ $\sqrt{}\Gamma_{a}\leq f_{0}$ , $\#_{0}\leq\sqrt T_{a}\leq\sqrt{|R|}$.
45 42 , .
48 $BR$ HRMQ $\sqrt R|$ .
45 0-1 BR HRMQ . $R=\{ci$ $:1\leq i\leq$
$n.\}\cup\{d_{i,j};1\leq i\leq n, 1\leq i\leq n-2\}\cup\{e_{i};1\leq i\leq n\}$, $H=\{a_{i}:1\leq i\leq n\}\cup\{b_{i}:1\leq i\leq$
$n\}\cup\{x_{k}:1\leq k\leq n^{2}-n\}$ , ,
ci: $b_{i}$ $a_{i}$ $[[X]]$ . . . $(1\leq i\leq n)$ $a_{i}[0,1]$ : $Q$ . . . $(1\leq i\leq n)$
$d_{i,j}$ : $b_{i}$ $[[X]]$ . . . $(1\leq i\leq n, 1\leq i\leq n-2)$ $b_{i}[0,1]$ : $d_{i,1}$ . . . $(1\leq i\leq n)$
$e_{i}$ : $b_{i}$ $[[A]]$ $[[X]]$ . . . $(1\leq i\leq n)$ $x_{k}[1,1]$ :. . . $(1\leq k\leq r\iota^{2}-n)$
. $[[X]]$ $x_{1}$ . . $x_{n^{2}-n}$ . $[[A]]$ $a_{1}$ .. . $a_{n}$ . $g(a_{i}, a_{t})=n+1,$ $g(b_{t}, b_{i})=n$
, o) $n$ , Algorithm 3 $S_{a}=\{b_{1}, \cdots, b_{n}\}$ , blocking resident
$n^{2}-n=|R|-\sqrt{|R|}$ . $S_{o}=\{a_{1}, \cdots, a_{n}\}$ , blocking resident $2n=2\sqrt{|R|}$ .
$(|R|-\sqrt{|R|})/(2\sqrt{|R|})=\Omega(\sqrt{|R|})$ , 4.6 .
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